Entanglement entropy of black holes and AdS/CFT correspondence 
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A recent proposal by Ryu and Takayanagi for a holographic interpretation of entanglement entropy 
in conformal field theories dual to supergravity on anti-de Sitter (adS) is generalized to include 
entanglement entropy of black holes living on the boundary of adS. The generalized proposal is 
verified in boundary dimensions d = 2 and d = 4 for both the UV divergent and UV finite terms. In 
dimension d = 4 an expansion of entanglement entropy in terms of size L of the subsystem outside 
the black hole is considered. A new term in the entropy of dual strongly coupled CFT, which 
universally grows as In L and is proportional to the value of the obstruction tensor at the black 
hole horizon, is predicted. 
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I. INTRODUCTION. 



For more than a decade entanglement entropy has 
remained in the focus of theoretical studies. Its ge- 
ometrical nature and the fact that it grows as area 
rather than as volume makes entanglement entropy an 
attractive candidate for the statistical-mechanical ori- 
gin of the Bekenstein-Hawking entropy [1]-[17]. Much 
of the past interest was related to understanding the 
UV divergences of the entropy that resulted in the 
demonstration [9] that these divergences are the same 
as those of the quantum action and are renormalized 
by the standard renormalization of the gravitational 
couplings in the action. This result guarantees that if 
the couplings (Newton's constant and those in front 
of the quadratic in curvature terms) are entirely due 
to quantum effects (bare gravitational couplings van- 
ish), as in [15], then entanglement entropy is precisely 
the Bekenstein-Hawking entropy. Another related ap- 
proach with similar behavior of the entropy is the 
"brick wall" model of 't Hooft [18], [19]. Entangle- 
ment entropy in string theory was discussed in [16]. 

Recently, there has been renewed interest in the 
study of entanglement entropy. This interest is two- 
fold. On one side, entropy is considered to be a rea- 
sonable measure of entanglement in quantum systems 
that is needed for the realization of the idea of quan- 
tum computers. This motivates the studies of entan- 
glement entropy in condensed matter models [20]- [25]. 
On the other side, entanglement entropy was recently 
studied in the context of the holographic AdS/CFT 
correspondence (for a review of the correspondence 
see [26]). This study [27], [28] suggests a new geomet- 
ric (and completely classical) picture for entanglement 
entropy of quantum systems. This offers new possi- 
bilities for understanding the black hole entropy as 
entanglement entropy [29]. The proposal of [27], [28] 
relates the entanglement entropy of a quantum system 
living in the boundary of anti-de Sitter (adS) with the 
area of the minimal surface in the adS whose bound- 
ary is the surface that divides the subsystems in the 
boundary theory. This proposal works exactly in the 
d=2 case, but can only be checked approximately for 



higher dimensions because the CFT entanglement en- 
tropy is only known in the free field limit, far from 
the strongly coupled limit that is expected to agree 
with the classical gravity result. The success of this 
proposal for systems in flat space-time suggests that 
this may be generalized for space-times containing a 
black hole. In that case the black hole would lie in the 
boundary of the anti-de Sitter space. One proposal for 
this generalization is available [29] (see also [30]) and 
consists in considering a minimal surface that bounds 
the black hole horizon. It is, however, not clear how 
this proposal works in two dimensions when the hori- 
zon is just a point. On the other hand, it does not give 
the expected behavior of entanglement entropy on the 
size of the total system. In this note we suggest an- 
other way to generalize the construction of [27], [28] 
for black holes which resolves these issues. 



II. ENTANGLEMENT ENTROPY OF 
BLACK HOLES. 



Entanglement entropy is defined for a system di- 
vided into two subsystems A and B for a given state 
determined in general by a density matrix p(A,B). 
Typically, the total system is considered to be in a 
pure state (for instance, in a ground state) described 
by wave function \^ > then piA, B) = \^ >< ^fj. It 
can also be in a mixed, for instance, thermal state, 
described by a density matrix. If one neglects in- 
formation about a subsystem, say B, then this sit- 
uation is described by the reduced density matrix 
PA = T^t^bp{A, B), where a partial trace over only 
subsystem B is taken. Thus, provided we have ac- 
cess only to a part of the system then entanglement 
entropy defined as Sa — — Tr^p^logp^ gives us a 
measure for the lack of information about the state of 
the total system. On the other hand, this entropy is 
non- vanishing because there are correlations between 
the subsystems. Entanglement entropy, thus, can be 
also viewed as some measure for these correlations. In 
local theories the correlations are short-distance and, 
hence, the entropy is expected to be determined by 
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the geometry of the boundary dividing the two subsys- 
tems. On the other hand, the entropy should depend 
on the geometry (size and shape) of the total system 
AU B. In the limit, when the size of any of the sub- 
systems is large, the reduced density matrix becomes 
thermal, so that the entropy grows as volume, if the 
total system was in a thermal state. 

The notion of entanglement entropy is ideally suited 
for black holes since the black hole horizon naturally 
divides space-time on two subsystems so that an ob- 
server outside a black hole does not have access to 
excitations propagating inside the horizon. Entangle- 
ment entropy for black holes, especially the UV diver- 
gent part of the entropy, was well studied in the past 
(see [4]- [14] and references therein). In two dimen- 
sions, for a conformal field theory with central charge 
c, entanglement entropy can be obtained explicitly in- 
cluding the UV finite terms. As in the case of a CFT 
on interval [5] , [20] , [22] the conformal symmetry plays 
an important role in providing us with a closed form 
expression. For a black hole metric written in the con- 
formally flat form g^,^ = entanglement entropy 
[12], [10] is given by value of the conformal factor at 
horizon, S = |(t(.t+) + |ln(A/e), where e is a UV 
regulator and A is a dimensionful parameter. Let the 
black hole geometry be described by a 2d metric 



ds 



bh 



f{x)dT^ 
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dx' 



(1) 



where the metric function f{x) has simple zero in x = 
a;+; a;+ < a; < L, < r < I3h, Ph = /t^- ^ is easy 
to see that (1) is conformal to the flat disk of radius 

dx ^ 
II f(x)' 



dslh = e^''zl{dz-' + z^df^) , (2) 

1 2n r dx 
a=-\nf{x)-— -—+\n- , 

2 0H Jl f{x) ^-KZo 



where f 



^ (0 < f < 27r), < z < 1. So that 
entanglement entropy of the 2d black hole takes the 
form [14], [13] 

where we omit the irrelevant term that is a function 
of (A, zq) but not of the parameters of the black hole 
and have retained dependence on UV regulator e. No- 
tice that the UV-divergent term here is proportional 
to c/6 rather than c/3 as in the case of the field system 
on interval [5], [20]. This is because the interval has 
two "boundaries" where subsystems come into contact 
with each other, while in the case of a black hole there 
is only one such a boundary (horizon). As was shown 
in [14], entanglement entropy (3) is identical to the 
entropy of the thermal atmosphere of quantum exci- 
tations outside the horizon in the 'tHooft's [18] "brick 
wall" approach. 



The black hole resides inside a finite size box and 
L is the coordinate of the boundary of the box. The 
coordinate invariant size of the subsystem complimen- 
tary to the black hole is Xinv = /^.^ dx/ f{x). Two 
limiting cases are of interest. In the first, the size of 
the system Linv is taken to infinity. Then, assuming 
that the black hole space-time is asymptotically flat, 
we obtain that entanglement entropy (3) approaches 
the entropy of the thermal gas, Sth = ^i^inv^/f- An- 
other interesting case is when Linv is small. In this 
case we find the universal behavior 
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iL + o(iL) 



(4) 



The universality of this formula is in the fact that 
it does not depend on any characteristics of a black 
hole (mass, temperature) other than the value of the 
curvature _R(.t_|_) at the horizon. 

In higher dimensions, much is known about the UV- 
divergent part of the entropy. The k;ading UV diver- 
gence is proportional to the area of the horizon while 
the subleading logarithmically divergent term is deter- 
mined by the way the horizon surface S is embedded 
in space-time. In four dimensions one has [7], [8], [9] 



S. 



div 



Co 
4g2 



Ae-BtT j {ciR+^Raa + C3Rabab)i^e,{5) 



where values of Ck, k = 0..3 depend on the type of 
field, Raa = RiivKK, Rabab = R/j.ua/sKKn'^n'^ and 
n", a = 1, 2 is a pair of orthonormal vectors orthogo- 
nal to S. These divergences of the entropy are related 
to the UV divergences of the quantum action [9], [10] 



(3h Wdiv = - J [-[^R- {ciR^ + C2R% + csRl^^p) In e] 



III. 



THE PROPOSAL. 



Our proposal for the holographic interpretation of 
entanglement entropy of a black hole is the following: 
Let d-dimensional spherically symmetric static black 
hole with horizon S lie on the regularized boundary 
(with regularization parameter e) of asymptotically 
anti-de Sitter space-time adSd+i inside a spherical 
cavity Ej, of radius L. Consider a minimal d-surface 
r whose boundary is the union of E and 'El. T has 
saddle points where the radial adS coordinate has ex- 
tremum. By spherical symmetry the saddle points 
form (d-2)-surface C with geometry of a sphere. Con- 
sider the subset of T whose boundary is the union 
of S and C. According to our proposal, the quantity 



S = 



Area(r^) 



(6) 
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is cqiial to entanglement entropy of the black hole in 
the boundary of AdS. In particular, it gives the ex- 
pected dependence of the entropy on the UV regula- 
tor e and on the size of the system. Below we verify 
this proposal for d = 2 and d = A. 



IV. ENTANGLEMENT ENTROPY OF 2D 
BLACK HOLES FROM THE ADS/CFT 
CORRESPONDENCE. 



In order to check our proposal we need a solution 
to the bulk Einstein equations that describes a black 
hole in the boundary of adS. In three dimensions a 
solution of this type is known explicitly [31], 



ds 



2 = ^ + 1 

4p2 p 



/ 1+ 



1 /'2 - 62 X 2 



16 / 



P] dr' 



(7) 



where we set the adS radius to unity. At asymptotic 
infinity (p = 0) of metric (7) one has the 2d black hole 
metric (1). Note, that (7) is a vacuum solution of the 
Einstein equations for any function f{x) in (1). The 
regularity requires that constant h should be related 
to the Hawking temperature of the two-dimensional 
horizon, b = f'{x+). The geodesic T lies in the hy- 
persurface of constant time r. The induced metric 
on the hypersurface [p, x) has a constant curvature 
equal —2 for any function f{x) and is, thus, related 
by coordinate transformation to metric 



d8i = 



dP 

4r2 



+ -dw"^ 



(8) 



The exact relation between the two coordinate sys- 
tems is 
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^.(.) / 16/(x)-(6^-/^)p 



86" V 16/(a;) 
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P 



r.?p 



(9) 



where z{x) = | 7^' equation for the geodesic 
in metric (8) is r = — {w — w^f . The geodesic 
length between two points with radial coordinates ri 

1- 



iln 



The saddle 



and ra is 7(1,2) - yj^. 

point of the geodesic is at Vm = 1/C^. The length 

of the geodesic Th joining point r_|_ corresponding to 
{x = x+,p = e) and the saddle point is j(rh) = 
— i In J+ . The constant C is determined from the 
condition that geodesic F joins points {x = x+, p = e^) 
and {x = L,p = e^) lying on the regularized (with 
regularization parameter e) boundary. One finds that 
gV+ _ ,2 



= e 



7^ exp(-6/^^ ^) in the limit of small 



e. Notice, that this is a finite quantity even though 
l//(a;+) itself is divergent. Now, taking into account 
that ^ = ^ , where c is the central charge of bound- 
ary C^, we find 



1 



■7(r^) 



4Gjv 

c , 1 c 
6^^; +12 



(10) 



r 



dx 

W) 



(6-/')+ln/(L)-ln62 



that coincides with the expression (3) for entangle- 
ment entropy of the 2d black hole in conformal field 
theory. This confirms our proposal in two dimensions. 



V. ENTANGLEMENT ENTROPY OF 
HIGHER DIMENSIONAL BLACK HOLES: UV 
DIVERGENCES AND FINITE TERMS. 



In higher dimensions there is no exact solution sim- 
ilar to (7). However, a solution in the form of an 

asymptotic in p expansion is available. In the rest of 
the note we focus on the case of boundary dimension 
4. Then one finds [32], [33] 



ds' = 



dp' 1 



4p2 



H — gij{x,p)dx^dx^ 



(11) 



g{x,p)= 5(0) {x) + 5(2) p + 5(4) + /i(4)P^ lnp+.., 

where 5(o)ij(a;) is the boundary metric, coefficient 
9{2)ij = —^{Rij — ^R9{o)ij) is the local covariant func- 
tion of boundary metric [33] . Coefficient 5(4) is not ex- 
pressed as a local function of the boundary metric and 
is related to the stress-energy tensor of the boundary 
CFT [34], which has an essentially nonlocal nature. 
/i(4) is a local covariant function of the boundary met- 
ric and is obtained as a variation of the integrated con- 
formal anomaly with respect to the boundary metric 
[34] . Explicit form was computed in [34] and reads (in 
curvature conventions with a different sign than those 
used in [34]) 



1 



-KikjlU 
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V,V,i?+^V2%(12) 



It is a conformal tensor and in mathematics litera- 
ture is known as the "obstruction" tensor [35]. We 
choose the boundary metric describing a static spher- 
ically symmetric black hole to take the form 

ds^ = f{r)dT^ + f-\r)dr'^ + r'^{de^ + sin^ ed<f)^Xl3) 

The minimal surface T lies in the hypersurface of the 
constant r of 5-dimensional space-time (11). The in- 
duced metric on the hypersurface takes the form 



dsi 



dp' 1 
4p2 p 



,dr' 
fir) 



+ R^{de'^+am^ Odcj)"^) 



,(14) 
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where functions F{r,p) = gj^^grr and B?{r,p) = ggg 
have p-expansion due to (11). The minimal surface 
r can be parameterized by (p, 0, (p). Instead of radial 
coordinate r it is convenient to introduce coordinate 
y = J dr/y/f so that near the horizon one has r = 
r+ + by^/4: + 0{y'^). y measures the invariant distance 
along the radial direction. By spherical symmetry, the 
area to be minimized is 



Area(r) = An J ^R' 




(15) 



where pm is coordinate of the saddle point. In the 
small vicinity of the horizon (y ^ 1), we can neglect 

dependence of fimctions F[y, p) and R^{y, p) on coor- 
dinate y. The minimization of the area of the surface 
gives the equation 



dp 



1 

4^ 



C = const. 



(16) 



The area of the minimal surface F^, is then given by 
the integral 



Area(rft) = 27r ^ dpA{p), A 



i?2 



+ 



Using (11) we find that A{p) = . ^ 
Substituting this expansion into (17) we find that the 
first two terms produce divergences (when e goes to 
zero) which, according to our proposal, arc to be 
interpreted as UV divergences of entanglement en- 
tropy. At the black hole horizon, one has a relation 
2i?ee|r+ =r\{R- Rao)- According to the AdS/CFT 
dictionary, one has ^ = where N is number of 
colors in the boundary CFT. Putting everything to- 
gether and applying our proposal (6), we find for the 
divergent part (compare with general formula (5)) 



5'div — 
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jj^-^Raa-\R)\ne, (18) 



where A{Yi) — Anr'^ is the horizon area. 

Let's briefly discuss this result. The leading di- 
vergence in (18) has the form of the area law and 
resembles the Bekenstcin-Hawking entropy. This is 
more than just a resemblance. Replace the regularized 
boundary with a brane in a Z2 configuration (expres- 
sion (18) should be multiplied by factor of 2 then) as 
in [15]. The induced Newton's constant on the brane 
is ^ = The first term in (18) then (with factor 2 
included) is exactly the Bekenstein-Hawking entropy 
Sbh = 4^ ^ black hole on the brane. Thus, our 
proposal supports the suggestion, originally made in 
[15] for de Sitter space-time, that the entropy of a 
black hole on the brane is entirely entanglement en- 
tropy. 



The logarithmic term in (18) is conformally in- 
variant. It is related to log divergence [33] Wiog = 

Hk^piJ ^ ^-R^] in the quantum effective ac- 
tion of boundary CFT. This relation is a particular 
manifestation of general formula (5). In the case at 
hand one has ci = — C2/3 = — C3 = 0. In the 
free field limit this set of values of the coefficients 
corresponds to A/" = 4 SU{N) super Yang-Mills mul- 
tiplet. 

The UV-finite terms in the entropy can be cal- 
culated in the limit when the radial size Linv = 
y{L) — y(0) of the subsystem complimentary to the 
black hole is small. Then one can neglect the de- 
pendence of the metric on entire surface F on the 
coordinate y. The area of the minimal surface is 



R'{r+,P) 



where in 



given by (17) with A{p) 

R^{r+,p) = {9(0) + 9{2)P + 9{A)P^ + h(i)p'^\np)00 we 
drop terms of order p^ and higher. The location of 
saddle point pm — (r^/C^)^/"^ is determined from 
the condition that F interpolates between spheres at 
r = r+ and r = L, Li,, = -j=^. Eval- 

uation of the integral gives the relation p„ 



1 r2 



(17) ^i = Hil)- 

The p-integration in (17) can be performed explic- 
itly and the result is the sum of UV-divergent terms 

(18) and finite terms. For the finite part wc get an 
expansion in Linv (that generalizes (4) to a higher di- 
mension). 



'S'fin 



An 



(aoLin^ + ai In 



a2LLlniinv)(19) 
-5iA(S) , a^= jJ-R^^-^R), 

I jjZiR-R^^f-V^R-lmc' + Rl^], 



where 82 = The next term in expansion 

(19) is I/?,, with coefficient determined by the value 
of 9(4)00 on the horizon. It is not expressed in terms 
of local functions of metric and requires knowledge of 
the stress-energy tensor of boundary CFT. The first 
two terms in (19) are local and repeat the structure 
of the UV divergences (18) so that, for a certain value 
L±nv ~ e, the total entropy vanishes. The last term 
in (19) is of special interest. This is the first term 
in the expansion (19) which vanishes when L±^-^ goes 
to zero. The unusual presence of the logarithm in 
this term should be noticed. Up to a numerical fac- 
tor, the coefficient 02 is the value of the {99) compo- 
nent of the "obstruction tensor" (12) at the horizon. 
(We have used relations (Vri?e6i)r+ = ?'+(2i?aa — -R)r+ 
and 2(1 — /'(r+)r+) = r^(i? — Raa)r+ valid at the 
black hole horizon when derived 02 in the form (19).) 
As is well known, the obstruction tensor (despite 
its ultimate relation to conformal anomaly) does not 
contribute to the quantum action since it is trace- 
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less. Interestingly, it makes its direct appearance 
in entanglement entropy. This property takes place 
in any even boundary dimension d (this is the di- 
mension in which the term h(^^-^p2 In p in expansion 
(11) is non- vanishing) . The corresponding term in 
the entropy takes the form (up to numerical factor) 
S ^ 7'+^^/i(d)e0(''+)-^invl^-^inY- Tlic dircct calcula- 
tion of such terms in entanglement entropy on the 
CFT side is not yet available. The dual conformal 
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